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Abstract
We extensively study BPS solutions of the low energy effective theory of M5-
brane in large C-field background. This provides us an opportunity to explore the
interactions turned on by C-field background through the Nambu-Poisson struc-
ture. The BPS states considered in this paper include the M-waves, the self-dual
string (M2 ending on M5), tilted M5-brane, holomorphic embedding of M5-brane
and the intersection of two M5-branes along a 3-brane.
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1 Introduction
As M theory unifies all superstring theories [1], various D-branes in superstring theories
correspond to M2-branes and M5-branes in M theory [2]. Analogous to how D-branes play
a crucial role in string theories, M2-branes and M5-branes are also the key ingredients in
M theory, and have been a focus of research interest.
A recent progress made in this direction was the construction of the low energy
effective theory for a single M5-brane in the large C-field background [3, 4]. 4 A salient
feature of this model is the Nambu-Poisson structure which dictates the gauge symmetry
and interactions. We will review this theory in the next section, and refer to this theory
as the Nambu-Poisson M5-brane theory, or NP M5-brane theory in short. Although the
ordinary M5-brane theory [6] can also describe C-field background, the difference lies
in the way C-field is scaled together with other parameters in the low energy limit (see
eqs.(1)–(3) below). The relation between NP M5-brane theory and the ordinary M5-
brane theory is analogous to the relation between the noncommutative D-brane action
and the DBI-action [7]
The purpose of this work is to give an extensive (but not exhaustive) search of BPS
states that preserve one half of the supersymmetry in the NP M5-brane theory, as a
further step to understand the physics of M5-brane in large C-field background.
The plan of this paper is as follows. We review the NP M5-brane theory in Sec. 2.
In Sec. 3 we systematically study BPS configurations. We organize the BPS solutions
according to the number of scalar fields that are turned on, that is, the number of trans-
verse directions on the M5-brane that have nontrivial fluctuations. The light-like BPS
states that are pure gauge field configurations are given in Sec. 3.1. There we observe
the interesting fact that there exist static configurations that do not satisfy equations
of motion, but they satisfy all BPS conditions (i.e. they preserve partial supersymme-
try). We will briefly comment on the validity of the folklore that BPS conditions imply
equations of motion. In Sec. 3.2, we turn on a single scalar field and describe self-dual
string solutions which represent M2-branes ending on M5-branes along a one-dimensional
brane. Due to the C-field background, rotation symmetry on the M5-brane is broken
and the self-dual string solution depends on the direction along which it extends. We
also shortly comment on a solution representing a tilted M5-brane, on which the gauge
4The large C-field limit for M5-brane was first considered in [5].
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field strength has to be turned on to preserve SUSY due to the C-field background. In
Sec. 3.3, we study BPS states for which the M5-brane is a Ka¨hler manifold in the space-
time. This class of solutions include the special case representing the intersection of two
M5-branes along a 3-dimensional brane. We find that the gauge field has to be turned on
if two or more of the transverse directions are excited on the M5-brane with nontrivial
dependence on the 3 directions chosen by the C-field background. Finally, in Sec. 4 we
conclude with remarks on potential future research directions.
2 Review of M5-brane in C-field background
Analogous to how a D(p + 2)-brane with a background flux can be constructed from
infinitely many Dp-branes [8], an M5-brane can be constructed from infinitely many M2-
branes. The low energy effective theory of a single M5-brane in large C-field background
[3, 4] can thus be derived from the Bagger-Lambert action [9] for multiple M2-branes in M
theory by choosing the Nambu-Poisson algebra as the Lie 3-algebra of gauge symmetry.
We will refer to this theory as the “NP M5-brane theory” and give a brief review in this
section.
The NP M5-brane theory is a good description of the M5-brane in C-field background
in the simultaneous low energy and large C-field limit defined by the scaling relations
[10]
ℓP ∼ ǫ1/3, (1)
g(M)µν ∼ ǫ
0, g(M)µ˙ν˙ ∼ ǫ (2)
Cµ˙ν˙λ˙ ∼ ǫ
0 (3)
with ǫ → 0, where ℓP is the Planck length and g(M) is the spacetime metric. The con-
vention of the indices here are that the dotted indices (µ˙, ν˙ = 1˙, 2˙, 3˙) label the directions
in which the C-field component dominates. The remaining three worldvolume directions
are labeled by µ, ν = 0, 1, 2, which are the worldvolume directions of the infinitely many
M2-branes constituting the M5-brane. The component Cµνλ (essentially just C012) is
determined by C1˙2˙3˙ through the nonlinear self-duality condition on the M5-brane. The
scaling limit eqs.(1)–(3) implies that C012 is negligible in comparison with C1˙2˙3˙ [10].
This scaling limit defined by eqs.(1)–(3) is analogous to the zero-slope limit of Seiberg
and Witten [7] in which the low energy effective theory of a D-brane in large B-field
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background can be conveniently described as a noncommutative gauge theory. Indeed the
Nambu-Poisson gauge symmetry is analogous to the noncommutative gauge symmetry,
but it is not a full-blown generalization of the latter. Instead it is an extension of the
Poisson structure, which is the leading order approximation of noncommutative structure
in the 1/B-expansion.
The low-energy effective theory of a D4-brane in IIA superstring theory should be
related to that of the M5-brane via double dimensional reduction (DDR). In Ref. [4], it
was shown that when one of the directions of xµ˙ is compactified, the NP M5-brane theory
reduces to the low-energy effective theory for D4-brane in the large B-field background.
More recently, the low energy effective theory for a D4-brane in large C-field background
was derived from the NP M5-brane theory via DDR along the direction of x1 or x2 [12].
The BPS states studied in this paper should have their counterparts on a D4-brane in
large C-field background [13].
2.1 Action
The M5-brane theory has the N = (0, 2) supersymmetry in 6 dimensions. The field
content of the low energy effective theory is composed of a 2-form potential bµ˜ν˜ (µ˜, ν˜ =
0, 1, 2, 1˙, 2˙, 3˙), 5 scalars XI (I = 6, 7, 8, 9, 10) and their fermionic superpartner Ψ, which
is half of an 11-dimensional Majorana spinor, equivalent to two 6-dimensional Weyl
spinors. An important feature of the theory is that the gauge field sector is a self-dual
gauge theory, hence the number of independent polarizations of the 2-form potential is
3, and the on-shell degrees of freedom for both bosons and fermions are 8 times that of
a scalar.
In the following, the signature of spacetime is given as η = diag(− + · · ·+) in our
convention. The linearized action for an M5-brane in a large C-field background was
found in [3], and then the complete nonlinear version in [4]. It is
S =
TM5
g2
(
Sboson + Sfermi + SCS
)
, (4)
3
where TM5 is the M5-brane tension and
5
Sboson =
∫
d6x
[
−
1
2
(DµX
I)2 −
1
2
(Dµ˙X
I)2 −
1
4
H2µµ˙ν˙ −
1
12
H2
µ˙ν˙λ˙
−
1
2g2
−
g4
4
{X µ˙, XI , XJ}2 −
g4
12
{XI , XJ , XK}2
]
, (5)
Sfermi =
∫
d6x
[
i
2
ΨΓµDµΨ+
i
2
ΨΓµ˙Dµ˙Ψ
+
ig2
2
ΨΓµ˙I{X
µ˙, XI ,Ψ} −
ig2
4
ΨΓIJΓ1˙2˙3˙{X
I , XJ ,Ψ}
]
, (6)
SCS =
∫
d6x ǫµνλǫµ˙ν˙λ˙
[
−
1
2
∂µ˙bµν˙∂νbλλ˙ +
g
6
∂µ˙bνν˙ǫ
ρ˙σ˙τ˙∂σ˙bλρ˙(∂λ˙bµτ˙ − ∂τ˙ bµλ˙)
]
. (7)
In this so-called “3+3 formulation” [14] of self-dual gauge theory, we only need the
components bµµ˙ and bµ˙ν˙ of the 2-form potential, while the components bµν do not appear
until equations of motion are solved.
The Nambu-Poisson bracket {·, ·, ·} is used to define the algebraic structure for gauge
symmetry. In general it satisfies Leibniz rule, fundamental identity, and here it is defined
by
{f, g, h} = ǫµ˙ν˙λ˙∂µ˙f∂ν˙g∂λ˙h. (8)
The covariant derivatives are defined by
DµΦ ≡ ∂µΦ− g{bµν˙ , y
ν˙,Φ} = (∂µ − gBµ
µ˙∂µ˙)Φ, (Φ = X
I ,Ψ) (9)
Dµ˙Φ ≡
g2
2
ǫµ˙ν˙ρ˙{X
ν˙ , X ρ˙,Φ}, (10)
and the field strengths are defined by
Hλµ˙ν˙ = ǫµ˙ν˙λ˙DλX
λ˙
= Hλµ˙ν˙ − gǫ
σ˙τ˙ ρ˙(∂σ˙bλτ˙ )∂ρ˙bµ˙ν˙ , (11)
H1˙2˙3˙ = g
2{X 1˙, X 2˙, X 3˙} −
1
g
= H1˙2˙3˙ +
g
2
(∂µ˙b
µ˙∂ν˙b
ν˙ − ∂µ˙b
ν˙∂ν˙b
µ˙) + g2{b1˙, b2˙, b3˙}, (12)
5Ψ here was denoted by Ψ′ in [4]. It is chiral, i.e., Γ7Ψ = Ψ, where Γ7 is chirality operator in 6
dimensions defined by Γ7 ≡ Γ0121˙2˙3˙.
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where H is the linear part of the field strength
Hλµ˙ν˙ = ∂λbµ˙ν˙ − ∂µ˙bλν˙ + ∂ν˙bλµ˙, (13)
Hλ˙µ˙ν˙ = ∂λ˙bµ˙ν˙ + ∂µ˙bν˙λ˙ + ∂ν˙bλ˙µ˙. (14)
In the above, we used the notation
bµ˙ ≡
1
2
ǫµ˙ν˙λ˙bν˙λ˙, (15)
X µ˙(x) ≡
xµ˙
g
+ bµ˙, (16)
Bµ
µ˙ ≡ ǫµ˙ν˙λ˙∂ν˙bµλ˙. (17)
Notice that in the action all appearances of bµµ˙ can be simply expressed in terms of Bµ
µ˙
except the Chern-Simons term SCS (eq.(7)). While b
µ˙ determines bν˙λ˙ uniquely, Bµ
µ˙ does
not determine bµν˙ uniquely. Nevertheless, with the constraint
∂µ˙Bµ
µ˙ = 0, (18)
bµν˙ can be determined by Bµ
µ˙ up to a gauge transformation. Therefore, the physical
degrees of freedom represented by bµ˙ν˙ and bµν˙ can be equivalently represented by b
µ˙ and
Bµ
µ˙.
2.2 Symmetries
The M5-brane action (eq.(4)) respects the worldvolume translational symmetry, the
global SO(2, 1) × SO(3) rotation symmetry, the gauge symmetry for the 2-form gauge
potential and the 6-dimensional N = (2, 0) supersymmetry.
2.2.1 Gauge symmetry
The Abelian gauge transformation of a 2-form potential bµ˜ν˜ is
δbµ˜ν˜ = ∂µ˜Λν˜ − ∂ν˜Λµ˜, (19)
where Λµ˜ is the 1-form gauge transformation parameter. A remarkable feature of the
NP M5-brane theory is that this higher form gauge symmetry is non-Abelianized. The
5
gauge transformation laws are
δΛΦ = gκ
µ˙∂µ˙Φ, (Φ = X
I ,Ψ) (20)
δΛbµ˙ν˙ = ∂µ˙Λν˙ − ∂ν˙Λµ˙ + gκ
λ˙∂λ˙bµ˙ν˙ , (21)
δΛbµµ˙ = ∂µΛµ˙ − ∂µ˙Λµ + gκ
ν˙∂ν˙bµµ˙ + g(∂µ˙κ
ν˙)bµν˙ , (22)
where
κλ˙ ≡ ǫλ˙µ˙ν˙∂µ˙Λν˙ . (23)
Eq.(21) and (22) can be more concisely expressed in terms of bµ˙ and Bµ
µ˙ as
δΛb
µ˙ = κµ˙ + gκν˙∂ν˙b
µ˙, (24)
δΛBµ
µ˙ = ∂µκ
µ˙ + gκν˙∂ν˙Bµ
µ˙ − g(∂ν˙κ
µ˙)Bµ
ν˙ . (25)
In terms of XI ,Ψ, bµ˙ and Bµ
µ˙, the gauge transformation parameter Λµ does not
appear, and all gauge transformations can be expressed solely in terms of κµ˙, without
referring to Λµ˙ at all, as long as one keeps in mind the constraint
∂µ˙κ
µ˙ = 0. (26)
As it can be easily seen from eq.(20), which is equivalent to a general coordinate trans-
formation δxµ˙ = κµ˙ by a divergenceless function, that the manifest gauge symmetry is
the volume-preserving diffeomorphism for the volume-form defined by the large C-field
background.
2.2.2 Supersymmetry
Like Ψ, the SUSY transformation parameter ǫ can be conveniently denoted as an 11D
Majorana spinor satisfying the 6D chirality condition
Γ7ǫ = −ǫ. (27)
6
The SUSY transformation law is given by 6
δǫX
I = iǫΓIΨ, (28)
δǫΨ = DµX
IΓµΓIǫ+Dµ˙X
IΓµ˙ΓIǫ−
1
2
Hµν˙ρ˙Γ
µΓν˙ρ˙ǫ−H1˙2˙3˙Γ1˙2˙3˙ǫ
−
g2
2
{Xµ˙, X
I , XJ}Γµ˙ΓIJǫ+
g2
6
{XI , XJ , XK}ΓIJKΓ1˙2˙3˙ǫ, (29)
δǫbµ˙ν˙ = −i(ǫΓµ˙ν˙Ψ), (30)
δǫbµν˙ = −iǫΓµΓν˙Ψ− igǫΓµΓλ˙Ψ∂ν˙b
λ˙ + ig(ǫΓµΓIΓ1˙2˙3˙Ψ)∂ν˙X
I . (31)
The above is a linear SUSY transformation. There is also a nonlinear SUSY
δχΨ = χ, δχX
I = δχbµ˙ν˙ = δχbµν˙ = 0. (32)
2.3 Super Algebra and Central Charges
The super algebra of the BLG model was discussed in [15, 16]. The super algebra of the
NP M5-brane is essentially the same.
Using Noether’s theorem, one can calculate the time component of the super current,
ǫJ0 = −(δǫΨ)Γ
0Ψ. (33)
The super charge is the spatial integral of J0
Q =
∫
d5x J0, (34)
and it is the generator of supersymmetry transformation, so the supersymmetry trans-
formation of fields can be written as
δǫΦ = [ǫQ,Φ]. (35)
One can compute the anticommutator of the super charges as
[ǫQ,Q] =
∫
d5x δǫJ
0. (36)
6ǫ here was denoted as ǫ′, and δǫ here as δǫ′ +
1
g
δχ with χ = Γ
1˙2˙3˙ǫ in [4].
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Finally, the super algebra is of the form 7
{Q,Q} = 2
∫
d5x T00 +
5∑
n=0
∫
d5x Zn, (37)
where the definition of each term is given in the following. The first term is the contri-
bution of the energy density
T00 =
1
2
D0X
ID0X
I +
1
2
(DaX
I)2 +
1
4
H0µ˙ν˙H0
µ˙ν˙ +
1
4
(Hαµ˙ν˙)
2 (38)
+
1
2
(H1˙2˙3˙)
2 +
g4
4
{X µ˙, XI , XJ}2 +
g4
12
{XI , XJ , XK}2.
For the sake of convenience to refer to this SUSY algebra later when we consider BPS
states, the momentum density (T0a, a = (α, µ˙)) is included in Zn together with the central
charges.
The symbols Zn are not defined in accordance with conventional classification of the
central charges based on their tensorial properties. Instead we classify the terms Zn
according to the number (n) of the scalar fields (XI) we choose to turn on when we
look for BPS states. More precisely, when we turn on n scalar fields, we can focus on
Z1, Z2, · · · , Zn and ignore Zn+1, Zn+2, · · · , Z5.
Let us now describe each term Zn in order. The convention of notation here is that
α, β = 1, 2 and a¯ = (0, µ˙). We have
Z0 = H0µ˙ν˙H
µ˙ν˙aΓ0Γa −
1
2
Hαµ˙ν˙Hβλ˙ρ˙Γ
µ˙Γν˙λ˙ρ˙Γαβ. (39)
If we carry out DDR, the quadratic term in H above becomes a quadratic term in the
D4-brane field strength. From the D4-brane perspective, it represents the charge density
of D0-branes on the worldvolume of the D4-brane. Therefore, from the viewpoint of the
M5-brane, this charge is associated with M-waves propagating on an M5-brane.
Next, we have
Z1 = 2D0X
IDaX
IΓ0Γa +
1
3
DaX
IHbcdΓ
abcdΓI , (40)
where the self-duality condition
Hαβµ˙ ≡ −
1
2
ǫ0αβǫµ˙ν˙λ˙H
0ν˙λ˙ (41)
7This result was first derived in [16] in the context of BLG model.
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is used to define Hαβµ˙. The (DX)H term corresponds to the charge associated with the
self-dual string.
When two scalar fields are turned on, we will need to consider Z0, Z1 and Z2, where
Z2 is defined by
Z2 = DaX
IDbX
JΓabΓIJ + 2g2Dµ˙X
I{X µ˙, XI , XJ}ΓJ
+2g2D0X
I{Xµ˙, X
I , XJ}Γ0Γµ˙ΓJ +
g2
2
H0ν˙λ˙{Xµ˙, X
I , XJ}Γµ˙ν˙λ˙ΓIJΓ0
−g2Hαµ˙ν˙{X
ν˙, XI , XJ}Γαµ˙ΓIJ − g2H1˙2˙3˙{Xµ˙, X
I , XJ}Γµ˙ΓIJΓ1˙2˙3˙. (42)
The first term DaX
IDbX
J corresponds to the charge of the 3-brane vortex on the M5-
brane worldvolume.
We also have
Z3 = g
2DaX
I{Xµ˙, X
J , XK}Γaµ˙ΓIJK − g2Da¯X
I{XI , XJ , XK}Γa¯ΓJKΓ1˙2˙3˙
−
g2
6
Hαµ˙ν˙{X
I , XJ , XK}Γαµ˙ν˙ΓIJKΓ1˙2˙3˙
+g4{XI , XJ , Xµ˙}{X
I , XK, Xν˙}Γ
µ˙ν˙ΓJK . (43)
and
Z4 = −
g2
3
DαX
I{XJ , XK , XL}ΓαΓIJKLΓ1˙2˙3˙
+g4{Xµ˙, X
I , XJ}{XI , XK , XL}Γµ˙ΓJKLΓ1˙2˙3˙
−
g4
4
{Xµ˙, X
I , XJ}{X µ˙, XK , XL}ΓIJKL. (44)
The term g
2
3
DαXI{XJ , XK , XL} is reminiscent of the Basu-Harvey charge, but with the
Nambu bracket replaced by the Nambu-Poisson bracket.
Finally, the last of Zn is
Z5 = −
g4
4
{XI , XJ , XK}{XI , XL, XM}ΓJKLM . (45)
This term is relevant only if we turn on all 5 scalars X6, · · · , X10.
3 BPS Solutions
In this paper, we will only consider bosonic BPS solutions, namely those with the fermion
field Ψ = 0. The BPS condition is therefore simply that the SUSY transformation of Ψ
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eq.(29) vanishes for some SUSY parameters ǫ. In this section, we systematically study
1/2 BPS states by classifying them according to the number of scalars that are turned
on.
A generic feature of the BPS conditions is that there is a degeneracy of solutions
when the field strength takes a special value
H1˙2˙3˙ = −
1
g
. (46)
This is the value of the field strength H1˙2˙3˙ when it cancels the background value 1/g of
the C-field. (Recall that on the M5-brane the C-field has to accompanied by the 3-form
field strength H to be gauge-invariant.) This degeneracy can thus be understood as a
result of the breakdown of the basic assumption that subleading terms of higher order in
1/C can be neglected. We will not consider this degeneracy of solutions in the following.
3.1 Pure Gauge BPS Configurations
Let us start with pure gauge field configurations with all scalars turned off, i.e.,
XI = 0, ∀I. (47)
The SUSY transformation law of Ψ is then simplified as
δǫΨ = −
1
2
Hµν˙λ˙Γ
µΓν˙λ˙ǫ−H1˙2˙3˙Γ1˙2˙3˙ǫ. (48)
When the SUSY transformation parameter ǫ is suitably restricted, corresponding BPS
states are gauge field configurations for which the expression above vanishes. We will
focus on 1/2 BPS states, for which ǫ is restricted to half of its defining space.
Normally, the BPS condition δΨ = 0 is sufficient to ensure the satisfaction of all
equations of motion. This is because the preserved SUSY of the BPS states guarantees,
through the SUSY algebra, that a certain BPS bound on energy is saturated. Being
the lowest energy states, BPS states are stable and expected to satisfy all equations of
motion. An assumption behind this hand-waving argument is that the BPS solution
under consideration is time-independent. Thus in principle we need to check that all
equations of motion are satisfied before we claim the discovery of time-dependent BPS
states. In fact, when there are tensor fields, we need to check equations of motion when
some time-like components of the tensor fields are turned on.
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It turns out that, in the theory of NP M5-brane, there are pure gauge configurations
which preserve half of the supersymmetry but do not satisfy all equations of motion.
In the explicit examples that we will consider below in Sec. 3.1.2, this intriguing phe-
nomenon seems to be related with the particular nature of chiral bosons.
Therefore, in the following we will need to check the equations of motion for the gauge
field [4],
DλHλµ˙ν˙ +D
λ˙Hλ˙µ˙ν˙ = 0, (49)
DλH˜λµν˙ +D
λ˙Hλ˙µν˙ = 0, (50)
when both XI and Ψ are set to 0. Incidentally, the Jacobi identity [4] is
DλH˜λµν +D
λ˙H˜λ˙µν = 0. (51)
As the 6D Lorentz symmetry of the M5-brane is broken by the C-field background
into SO(2, 1)×SO(3), there are two types of light-like directions, depending on whether
the spatial component transforms under SO(2, 1) or SO(3). Without loss of generality,
we can choose
x± = x0 ± x1˙, and x± = x0 ± x2 (52)
as representatives of the two types of light-like directions. We will consider BPS light-
like solutions for both cases. They can be interpreted as M-waves propagating on the
M5-brane worldvolume. The corresponding solution in the ordinary M5-brane theory [6]
was found in [11].
3.1.1 Light-Like BPS Solutions: x± = x0 ± x1˙
For ǫ satisfying
Γ01˙ǫ = ±ǫ, or equivalently Γ∓ǫ ≡ (Γ0 ∓ Γ1˙)ǫ = 0, (53)
the BPS conditions are
H02˙3˙ = ±H1˙2˙3˙, H13˙1˙ = ±H21˙2˙, H23˙1˙ = ∓H11˙2˙, (54)
H12˙3˙ = H22˙3˙ = H01˙2˙ = H03˙1˙ = 0. (55)
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We would like to find configurations (bµ˙ν˙ , Bµ
µ˙) that satisfy these conditions. Their so-
lutions preserve one half SUSY, and the associated BPS bound on the energy density is
given by
|H02˙3˙H1˙2˙3˙ +H13˙1˙H21˙2˙ −H23˙1˙H11˙2˙| , (56)
in agreement with the central charges.
First we impose a gauge fixing condition to reduce the number of independent com-
ponents of bµ˜ν˜ . There are 3 components in b
µ˙ with 2 independent gauge transformation
parameters (Λµ˙ is equivalent to Λ
′
µ˙ if their difference is ∂µ˙f for some function f), so we
can impose the gauge fixing condition
b2˙ = b3˙ = 0, (57)
so that
H1˙2˙3˙ = ∂1˙b
1˙. (58)
In this gauge, the field strengths are
Hµ1˙2˙ = −Bµ
3˙, (59)
Hµ3˙1˙ = −Bµ
2˙, (60)
Hµ2˙3˙ = ∂µb
1˙ − Bµ
1˙ − gBµ
ρ˙∂ρ˙b
1˙, (61)
H1˙2˙3˙ = ∂1˙b
1˙. (62)
The BPS conditions eq.(54)–eq.(55) imply that we can solve Bµ
µ˙ in terms of b1˙ as
B0
1˙ =
(∂0 ∓ ∂1˙)b
1˙
1 + gH1˙2˙3˙
, B1
1˙ =
∂1b
1˙
1 + gH1˙2˙3˙
, B2
1˙ =
∂2b
1˙
1 + gH1˙2˙3˙
, (63)
by assuming that all other components of Bµ
µ˙ vanish, that is,
Bµ
2˙ = Bµ
3˙ = 0. (64)
The consistency condition ∂µ˙Bµ
µ˙ = 0 implies that all Bµ
1˙’s are independent of x1˙.
This requirement implies that
∂1˙
(
∂aΦ
∂1˙Φ
)
= 0, (65)
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where a = 1, 2,± and
Φ ≡ H1˙2˙3˙ +
1
g
. (66)
A class of solutions to this equation is given by
H1˙2˙3˙ = F (f(x
0, x1, x2) + x1˙) (67)
for an arbitrary single variable function F and an arbitrary function f depending on xµ
only. We also checked that (67) satisfies all equations of motion. In many supersymmetric
field theories there are BPS states parametrized by arbitrary functions of light-cone
coordinates. Here we see a much larger class of half BPS solutions than we normally
expect for a supersymmetry gauge theory.
3.1.2 Light Like BPS Solutions: x± = x0 ± x2
Since the rotation symmetry that rotates x2 into x1˙ is broken by the C-field background,
light-like BPS solutions in the light-like directions x± ≡ x0±x2 can be different from the
light-like BPS solutions introduced above.
For ǫ satisfying
Γ02ǫ = ±ǫ, or equivalently Γ∓ǫ ≡ (Γ0 ∓ Γ2)ǫ = 0, (68)
the BPS conditions are
H0µ˙ν˙ = ±H2µ˙ν˙ , H1µ˙ν˙ = 0, H1˙2˙3˙ = 0. (69)
This solution preserves 1/2 SUSY. Its energy density is bounded by
∣∣∣∣12H0µ˙ν˙H2µ˙ν˙
∣∣∣∣ . (70)
Since H1˙2˙3˙ = 0, we can choose a gauge in which
bµ˙ = 0. (71)
From H1µ˙ν˙=0, we obtain
B1
µ˙ = 0. (72)
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Similarly, from H0µ˙ν˙ = ±H2µ˙ν˙ , we get
B0
µ˙ = ±B2
µ˙, (73)
where B0
µ˙ can be an arbitrary function on M5. Notice that all configurations obeying
the three equations above satisfy all BPS conditions and so they preserve half SUSY.
However, as we commented above, even when it is a static configuration (if B0
µ˙ is inde-
pendent of x0), we still need to check whether it satisfies all equations of motion. In fact,
a careful examination of the equations of motion reveals the fact that only the light-like
configurations
B0
µ˙ = ±B2
µ˙ = f(x±) (74)
are genuine BPS states.
3.2 Single Scalar Field
In addition to the gauge fields, if a single scalar field, say X6, is turned on, the SUSY
transformation law eq.(29) reduces to
δǫΨ =
[
DµX
6Γµ6 +Dµ˙X
6Γµ˙6 −
1
2
Hµµ˙ν˙Γ
µµ˙ν˙ −H1˙2˙3˙Γ1˙2˙3˙
]
ǫ. (75)
Imposing the condition
Γ026ǫ = ∓ǫ (76)
on the SUSY parameter ǫ, we find the BPS conditions
D0X6 = 0, D2X6 = 0, (77)
H0µ˙ν˙ = 0, H2µ˙ν˙ = 0, (78)
and
DµˆX
6 ±
1
6
ǫµˆ
νˆλˆρˆHνˆλˆρˆ = 0, (79)
where µˆ, νˆ = 1, 1˙, 2˙, 3˙, and ǫµˆνˆλˆρˆ is a totally anti-symmetric tensor with ǫ11˙2˙3˙ = 1.
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3.2.1 Self-Dual String
A BPS solution of the condition above is already studied in Ref. [17]. 8 This solution
preserves one half SUSY and describes coincident M2-branes ending on an M5-brane
in large C-field background. We expect it to be a deformation of the self-dual string
solution on an M5-brane without C-field background [18]. The M2-branes extend in the
X6 direction and their intersection with the M5-brane is the so-called “self-dual string”
extending along the x2 direction.
The energy density is given by ∣∣∣∣16ǫµˆνˆλˆρˆDµˆX6Hνˆλˆρˆ
∣∣∣∣ , (80)
which can also be expressed as
(DµˆX
6)2 or
1
6
(Hνˆρˆσˆ)
2. (81)
We did not find an analytic exact solution to the BPS conditions. Instead a pertur-
bative solution can be found since the zeroth order solution is the same as the self-dual
string solution on M5-brane without the C-field background. It is
X6(0) = ±
m
r2
, (82)
H(0)02µˆ =
2mxµˆ
r4
, (83)
where µˆ = 1, 1˙, 2˙, 3˙, and
m ≡
k
(2π)3/2(TM5)
1/2
, (84)
r2 ≡
3˙∑
µˆ=1
(xµˆ)
2. (85)
The integer k is a topological charge of the solution and TM5 is the tension of the NP
M5-brane [4].
While H02µ is given in (83), other components of the field strength H are determined
by the self-duality relation. The gauge potential b can be solved in the gauge in which
B1
1˙ = B1
2˙ = B1
3˙ = 0 (86)
8The convention of [17] differs from ours by switching x2 with x1.
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as
bµ˙(0) = −
mxµ˙
a3
A, (87)
where
A ≡ (±)
π
2
+ tan−1
(x1
a
)
+
ax1
r2
, (88)
a2 ≡ x2
1˙
+ x2
2˙
+ x2
3˙
. (89)
The sign (±) in the parenthesis in the definition of A is arbitrary, independent of the
choice of signs in other expressions.
The next order of the perturbative expansion
X6 = X6(0) + gX
6
(1) + · · · , (90)
bµ˙ = bµ˙(0) + gb
µ˙
(1) + · · · (91)
is given by [17]
X6(1) = ±m
2
(
2x1
r6
+
2A
ar4
)
, (92)
bµ˙(1) = m
2xµ˙
{
4
r6
−
1
a3
[
tan−1(x1
a
)2
a3
+
π tan−1(x1
a
)
a3
+
a+ πx1
r4
+
2x1(a
2 + r2) tan−1(x1
a
)
a2r4
+
a + πx1
a2r2
+
π2
4a3
]}
. (93)
In Ref. [4], the Seiberg-Witten map [7] was generalized to a map between the NP
M5-brane theory and the ordinary M5-brane theory [6] with a constant three-form back-
ground. Through the generalized Seiberg-Witten map, the string soliton solution in the
NP M5-brane theory presented above is shown [17] to be in agreement with that [19, 11]
in the ordinary M5-brane theory in constant C-field background up to second order terms
in g and θ.
The choice of the (±) sign in Eq.(88) corresponds to the choice of the direction of
the Dirac string. At order g0, the Dirac string is not physical. The coupling constant
g is a not good expansion parameter for studying the fate of the Dirac string since g is
associated with the Nambu-Poisson bracket which has higher derivatives. Actually the
suitable expansion parameter is gm/a3. As a result this expansion is not good when
a3 . gm. If we want to know more details about the string in the region a3 . gm, we
need to go beyond the perturbative approximation. This is still an open problem.
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3.2.2 Self-Dual String in Different Directions
Instead of preserving the SUSY for ǫ satisfying (76), one can also consider ǫ satisfying
another condition
Γ01˙6ǫ = ±ǫ. (94)
This is merely related to the former condition by a rotation, but the rotation symmetry
is broken by the C-field background. The corresponding self-dual string solution as a
BPS state can be studied, at least perturbatively. The solution is the same as the former
at the 0-th order. It is straightforward, although complicated, to compute higher order
terms. It will be interesting to examine the difference between these self-dual strings
with different orientations to study the effect of the C-field background on the self-dual
string. We leave this topic for future study.
3.2.3 Tilted Brane
The same BPS condition eqs.(77)–(79) considered above admits another solution, in
addition to the self-dual string soliton solution. This solution describes a tilted brane.
We can write down its exact expression as
H1˙2˙3˙ = h, (95)
X6 = ±hx1, (96)
where h is an arbitrary constant. The gauge potential bµ˙ can be chosen to be
bµ˙ =
1
g
(
(1− hg)
1
3 − 1
)
xµ˙ (97)
for this field strength (95).
3.3 Double Scalar Fields
In this section, we allow two scalar fields to be non-zero. The BPS condition (the van-
ishing of eq.(29)) reduces to
[
DµX
IΓµI +Dµ˙X
IΓµ˙I −
1
2
Hµµ˙ν˙Γ
µµ˙ν˙ −H1˙2˙3˙Γ1˙2˙3˙ −
g2
2
{Xµ˙, X
I , XJ}Γµ˙ΓIJ
]
ǫ = 0, (98)
when two scalar fields X6, X7 are turned on in addition to the gauge fields.
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3.3.1 Holomorphic Embedding and M5-M5 Intersection
Here we study pure scalar field BPS states with two scalar fields turned on. These
include holomorphic embeddings of the M5-brane worldvolume in spacetime. Among
them, a special solution represents the configuration of two M5-branes intersecting on
a 3-dimensional brane. One of the M5-branes is described as excitations of two scalar
fields in the worldvolume theory of the other M5-brane. The solitonic 3-brane solution on
M5-brane without C-field background was discussed in [20]. Here we study the 3-brane
configurations in the large C-field background.
Imposing the condition Γ6711˙ǫ = ±ǫ on the SUSY parameter ǫ, we find the BPS
conditions
0 = ∂1X
6 ± ∂1˙X
7, (99)
0 = ∂1˙X
6 ∓ ∂1X
7, (100)
assuming that X6, X7 depend only on x1, x1˙. This class of BPS states preserves 1/2
SUSY. The energy density is bounded by
∣∣∂1X6∂1˙X7 − ∂1˙X6∂1X7∣∣ . (101)
These BPS states generally describe holomorphic embeddings of the M5-brane in the
11 dimensional spacetime. If we use complex coordinates for both target space and base
space
Z = ±X6 − iX7, Z¯ = ±X6 + iX7, (102)
z = x1 + ix1˙, z¯ = x1 − ix1˙, (103)
BPS conditions eqs.(99) and (100) are equivalent to
0 = ∂z¯Z, (104)
0 = ∂zZ¯. (105)
Thus Z is a holomorphic function and Z¯ is an anti-holomorphic function. This holomor-
phic embedding of M5-brane has in fact a Ka¨hler structure. The induced metric on the
embedding is
ds2 = dx21 + dx
2
1˙
+ dX26 + dX
2
7 = dzdz¯ + dZdZ¯, (106)
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where we ignored other directions in which the embedding is trivial. This is the metric
for the Ka¨hler potential
zz¯ + ZZ¯. (107)
Let us give a few examples of this class of solutions. The first example is given by
X6 = ±E1x
1, X7 = −E1x
1˙ (108)
where E1 is an arbitrary constant. This solution represents a tilted flat M5-branes. Due
to the presence of the C field background, this solution is not exactly equivalent to the
vacuum solution through a spacetime rotation.
The second example is given by
X6 = ±
E2
2
(
x21 − x
2
1˙
)
, (109)
X7 = −E2x
1x1˙, (110)
where E2 is an arbitrary constant. This represents a hyperbolic curve in spacetime.
The last example is given by
Z =
1
z
, Z¯ =
1
z¯
. (111)
This solution describes the intersection of two M5-branes at a 3-dimensional space. The
intersecting 3-brane lies along the directions (0, 2, 2˙, 3˙), and is located at x1 = x1˙ = 0,
where the fields X6, X7 diverge. The divergence of X6, X7 represents another M5-brane
extending to infinity in the directions of (6, 7).
3.3.2 Deformed Holomorphic Embedding
In the above we considered scalar fields with dependence on the two directions x1 and
x1˙. It is easy to see that analogous results can be easily obtained if we replace the two
directions by x1 and x2. But what if we replace them by x1˙ and x2˙?
Imposing the condition Γ671˙2˙ǫ = ±ǫ on the SUSY transformation parameter ǫ, we
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find the BPS conditions
DµX
I = 0, (112)
D1˙X
6 ±D2˙X
7 = 0, (113)
D2˙X
6 ∓D1˙X
7 = 0, (114)
{X 1˙, X6, X7} = 0, (115)
{X 2˙, X6, X7} = 0, (116)
Hµµ˙ν˙ = 0, (117)
H1˙2˙3˙ = ±g
2{X 3˙, X6, X7}, (118)
D3˙X
I = 0. (119)
First, let us examine the possibility of describing two intersecting M5-branes at a
3-brane located at x1˙, x2˙, without turning on the gauge field. We obtain from the BPS
condition (118)
∂1˙X
6∂2˙X
7 = ∂2˙X
6∂1˙X
7. (120)
From (113), (114) and (120), we find
−(∂1˙X
6)2 = (∂2˙X
6)2. (121)
This implies that we must turn on gauge fields in order to have nontrivial solutions with
g 6= 0. In other words, the C-field turns on interactions between the gauge fields and the
scalar fields such that holomorphic embeddings of an M5-brane are no longer BPS states
when the complex coordinate z is x1˙ + ix2˙.
One can find BPS states when the gauge field H1˙2˙3˙ is turned on. The energy density
of these BPS states are bounded by∣∣∣D1˙X6D2˙X7 −D2˙X6D1˙X7 − g2H1˙2˙3˙{X 3˙, X6, X7}
∣∣∣ . (122)
An explicit BPS solution is given by
X6 = ±
(
C1X
1˙ + C2X
2˙
)
, (123)
X7 = C2X
1˙ − C1X
2˙, (124)
Bµ
µ˙ = 0, (125)
H1˙2˙3˙ = −
C21 + C
2
2
g(1 + C21 + C
2
2 )
, (126)
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where C1 and C2 are the arbitrary constants. This is again a tilted brane. But unlike the
tilted brane solution above eq.(108), the C-field background demands that the tilting of
the M5-brane turns on the field strength H1˙2˙3˙ at the same time.
4 Conclusion
In the above we studied BPS states in the NP M5-brane theory, the low energy effective
field theory for an M5-brane in a large C-field background. The large C-field background
turns on new interactions on the M5-brane worldvolume through the Nambu-Poisson
structure, and modifies some of the BPS configurations. We have only considered 1/2
BPS states, and we have not found explicit, nontrivial 1/2 BPS states when three or
more scalar fields are turned on. In this section we comment on the significance and
implication of our results, as well as potential future research directions.
In Sec. 3.1 we found in passing static configurations which do not satisfy all equations
of motion but they obey all BPS conditions, demonstrating that BPS conditions do not
alway imply equations of motion even for static states. Nevertheless, a hint is hidden
in the condition of the SUSY transformation parameter: the condition always involves
Γ0, e.g. see (53). We do not have any counter-example of the widely accepted folklore
when the projection operator defining the preserved SUSY does not involve the time
component of Dirac Γ-matrices. On the other hand, there is no rigorous proof that it is
impossible to find such counter-examples.
In Sec. 3.2, we studied self-dual solitons. The existence of these solutions is already
quite interesting by themselves, as soliton solutions of self-dual gauge field theory with
non-Abelian 2-form gauge symmetry. It would be great if one could find exact self-dual
string solutions. Furthermore, we saw that self-dual solitons on M5-brane depends on
its orientation due to the C-field background. It would be interesting to study in more
detail this dependence and compare it with the effect of the interaction between C-field
and M2-brane worldvolume.
All the known 1/2 BPS states on M5-branes in the absence of C-field background have
their counterparts in large C-field background, although they are sometimes restricted to
certain directions. We expect that some of the BPS state for C = 0 will be deformed into
1/4 or less BPS states in large C-field background. For example, we commented in Sec.
3.3.2 that the holomorphic embedding of M5-brane in spacetime can be deformed by the
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C-field background if the scalars depend on at least two of the xµ˙ directions. The only
1/2 BPS states we found in that case as a deformed holomorphic embedding was a tilted
M5-brane, with a field strength H1˙2˙3˙ that is consistent with the projection of the C-field
on the tilted worldvolume. It will be interesting to study the class of 1/4 BPS states
which are deformations of holomorphic embeddings due to the C-field background. The
BPS conditions can be viewed as a natural generalization of the notion of holomorphic
curves when the complex structure is equipped with a 3-form NP structure.
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